In this paper the authors discuss the vertical distribution of the interior potential vorticity gradients in the extratropical troposphere in an idealized setting. This structure is characterized by large positive gradients at the top of the boundary layer and a narrow homogenized region in the interior. To understand this partial homogenization, the authors have looked at how Charney waves of different scales equilibrate. It is shown that when the interior gradients of potential vorticity are small compared to the delta function at the ground, the modes can equilibrate without eliminating the lower-level shear. As is the case in the Eady model, these neutral states can exist even though they violate the Charney-Stern condition for stability. The equilibration process also produces a concentration of the potential vorticity gradients at heights of the order of the Rossby depth, which can be regarded as a boundary to the interior mixing of potential vorticity.
Introduction
It has long been recognized that baroclinic eddies play a role in regulating the tropospheric temperature gradients by transporting heat poleward in the midlatitudes. In linear theory, the potential vorticity fluxes (equivalent to heat fluxes at the boundaries) induced by the eddies are downgradient and therefore tend to reduce the gradients of potential vorticity (PV) of the mean state. For this reason, the extratropical troposphere is often regarded as a product of the competing effects of the destabilizing radiative forcing and the stabilizing eddy tendencies.
Baroclinic adjustment theories assume that the eddies act on faster timescales than the radiative forcing and envision in consequence a close to neutral tropospheric state, a situation analogous to convective adjustment. However, because in the baroclinic problem the time scale separation is not as clear, this adjustment should be regarded as an idealized limit, as discussed by Barry et al. (2000) .
The manner and extent to which baroclinic adjustment is achieved by the eddies is still an open issue. The equilibration of the baroclinic eddies implies a mixing of the potential vorticity gradients in the interior as well as the temperature gradients at the ground, and the analysis of Stone and Nemet (1996) suggests that this is close to observed. Yet the lowertroposphere temperature gradient is significantly different from zero. Although this could be attributed to the strong vertical mixing and damping of thermal anomalies over the boundary layer (e.g., Gutowski et al. 1989; Swanson and Pierrehumbert 1997) , it is remarkable that, if we compare the mean isentropic slopes calculated assuming zero interior PV gradient to observations, the agreement is better when the boundary temperature gradient is neglected than when the observed value is used as boundary condition (Stone and Nemet 1996) . Given that the quasigeostrophic PV gradient is essentially the vertical derivative of the isentropic slope (see section 2c), the better agreement found when the negative delta-function PV gradient at the ground is neglected suggests that the positive interior PV gradient might also be nonnegligible, but rather have a vertical integral of the same order as the integrated delta function at the ground.
In fact, the Charney-Stern criterion (Charney and Stern 1962) is only a necessary condition for instability. Noting that, Lindzen (1993) pointed out that short waves are neutral in the Eady problem regardless of the shear. He also noted that the meridional confinement by the jet puts a constraint on the vertical VOLUME 
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penetration of the modes, and argued that baroclinic eddies could equilibrate by mixing the interior PV gradient if the tropopause is high enough, even without eliminating the lower-troposphere temperature gradient. This is also consistent with the conception of the tropopause as a boundary to eddy mixing in the midlatitudes (Held 1982) . Lindzen (1993) argued that the interior PV gradient is small enough to be indistinguishable from observational error. However, a more detailed analysis (KirkDavidoff and Lindzen 2000; Solomon and Stone 2001) shows that the interior gradient of potential vorticity has a well-defined structure, with large positive values at the top of the boundary layer and a relatively narrow homogenized region at about 700 hPa. We will show below that, in fact, the interior PV gradient is in some sense comparable to the boundary PV gradient. This is consistent with the fact that observed atmospheric shears tend to be close to the critical shear of the twolayer model (Stone 1978) . When extrapolated to a continuous atmosphere of the same depth, this shear is such that the integrated PV gradient over its lower half exactly balances the delta function at the lower boundary. Another remarkable consequence of this scaling (Held 1982 (Held , 1999 is the fact that the mean isentrope leaving the tropical boundary layer reaches heights characteristic of the tropopause in polar regions.
In this paper we look at the degree of interior PV homogenization and boundary temperature mixing required by the equilibration of Charney waves of different scales. For this purpose, we discuss the vertical structure of the potential vorticity flux for the Charney problem. We show that the PV flux peaks at the steering level of the waves and can be very localized when their vertical scale H is smaller than the Held scale h (Held 1978 ; see section 2b for definition), or, equivalently, when the interior PV gradient seen by the waves is smaller than the boundary PV gradient. Note that because the thickness of the interior region with large PV flux scales as the imaginary phase speed (Lindzen et al. 1980 ) these waves typically grow slowly. We will show that these short waves can equilibrate by mixing potential vorticity in a neighborhood of the steering level alone, while still allowing a nonzero temperature gradient at the ground and a significant interior PV gradient.
The structure of this paper is as follows. We review in section 2 the basic formulation of the linear instability problem, reinterpret Held's (1978) scaling in terms of the interior PV gradients, and discuss the degree of PV homogenization found in the observed extratropical troposphere. In section 3 we demonstrate the existence of neutral waves when the interior PV gradient vanishes at the steering level alone [thus violating Bretherton's (1966) condition]. This is done analytically for an idealized distribution of the interior PV gradient and numerically to test the extent of PV homogenization required for waves of different scales. In section 4, we study the quasilinear equilibration of these Charney waves using a quasigeostrophic model. Finally, we close with a brief summary of our results and a discussion of their implications in section 5.
Formulation

a. Linear theory
The conservation of quasigeostrophic potential vorticity for a Boussinesq fluid, linearized around a zonal basic state with velocity U ϭ ⌳z and stratification N 2 can be written as
y ‫ץ‬t ‫ץ‬x
2 ) the perturbation potential vorticity, the geostrophic streamfunction, ϭ ‫‪x‬ץ/ץ‬ the meridional velocity, ⑀ ϭ /N 2 2 f 0 and y the interior gradient of potential vorticity in the q basic state, defined as
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with k 2 ϭ ϩ Subject to the appropriate boundary 2 2 k k .
x y conditions, this yields an eigenvalue problem for the phase speed c. The associated eigenvector is (z), the vertical structure of the modes. When the phase speed c has a positive (negative) imaginary part c i , which also requires a complex (i.e., a phase tilt with height) the modes are growing (decaying). Bretherton (1966) showed that the domain integral of the perturbation PV flux vanishes:
͵ 0 provided that the heat flux at the boundaries is generalized as a delta-function PV flux. He further showed that this PV flux is always downgradient for a growing mode:
where is the meridional displacement of the basicstate PV contours:
At z ϭ z c the meridional displacement | | → ϱ for neutral modes (c i → 0), and residue calculus shows that this implies a nonzero PV flux at the steering level if However, Eq. (5) shows that the PV flux q must be zero away from the steering level for a neutral mode. Because the domain integrated PV flux must be zero, Bretherton (1966) concluded that neutral modes are not possible whenever there is a PV gradient at the steering level, as is the case in the Charney problem.
b. The vertical scale of Charney waves
The baroclinic instability problem can be described in terms of the interaction between PV perturbations at different vertical levels (Hoskins et al. 1985) . Because the wave activity of a growing mode integrates to zero, instability further requires that the interacting perturbations act on regions with PV gradients of opposite sign. In most classical baroclinic instability problems the only region of negative wave activity is the ground. Hence, the baroclinic modes can be described in terms of the interaction between the lower-boundary edge wave 1 and a distributed PV perturbation in the interior and/or at the tropopause.
Consider a temperature perturbation with length scale L ϭ 2/k at the lower boundary of the Charney problem. Away from the steering level, the PV flux decays with a vertical scale H ϭ ½H R ϭ ½L(⑀) 1/2 , where the Rossby penetration depth H R gives the height of influence of the lower perturbation. The ½ factor arises from the fact that is a quadratic quantity in , and it is assumed q that the structure of the mode is equivalent barotropic (i.e., does not tilt) away from the range of influence of the lower-level perturbation.
We introduce the Held scale h (Held 1978) :
where ␤ is the mean value of the interior PV gradient. As discussed by Held (1978) , the Rossby depth of the most unstable normal mode in the Boussinesq-Charney problem scales as h. We shall define short Charney waves 2 as waves with penetration depths H smaller than, or of the order of, h.
Note that h is the height over which the vertically 1 For the purpose of this paper, the edge wave is the geopotential perturbation resulting from the inversion of a temperature perturbation at the boundary. Note that, strictly speaking, the edge wave only exists as an independent solution in a seminfinite fluid with no interior PV gradients (otherwise the edge wave velocity field would create PV anomalies at other levels, which would also contribute to the solution).
2 The notation may induce to confusion and the reader should be careful to understand the subtle difference between our approach and that of Held (1978) . The point of that paper was to estimate the vertical scale of the most unstable mode depending on the ratio between the scale height H and h. In our case, however, H is the vertical scale of a mode, which may be set up externally (for instance through the meridional scale), and may not correspond to the most unstable one. In particular, modes with H K h will always be weakly unstable. integrated PV gradient in the interior balances the negative contribution by the delta function at the ground. In other words, for waves with H Ͻ h the vertically integrated potential vorticity gradient in the interior is smaller than the delta function at the ground, while the reverse is true with H Ͼ h. Furthermore, for a fluid of depth H R the two-layer shortwave cutoff is H ϭ h (Lindzen 1990) . Now, if we use Eqs. (4), (5), and the definition of h:
Equation (6) shows that the PV flux is maximized at the steering level z c , where it can be very large as c i → 0, but is bounded away from that level (recall that is a well-behaved function). Hence, for waves with H K h Eq. (8) can only be satisfied when | (z c ) | k | (0) | and the PV flux peaks strongly at the steering level. This suggests that, if such a mode were to equilibrate quasi-linearly according to the vertical profile shown, it would tend to reduce the PV gradient of the basic state primarily in the vicinity of the steering level. This narrow mixing might by itself be able to stabilize the waves because, when H Ͻ h, Eq. (8) can never be satisfied once that the PV gradient is removed at the steering level and contributions to the integral in the right-hand side are limited to regions where
This is illustrated in Fig. 1 . The left panel shows a short Charney wave with H/h ϭ 0.45 and the right panel the most unstable mode, which has H/h ϭ 3.9. The dimensional wavenumber and Rossby depth are the same in both cases; only the interior PV gradient, and hence the Held scale h, change. As can be seen, the interior PV flux peaks in both cases at the steering level and decays exponentially in comparable distances (heights are nondimensionalized with the half Rossby depth H). The main difference between them is that the PV fluxes extend over a broader region, and the steering level is lower relative to the Rossby depth, for the case of the most unstable mode. More generally, Fig. 2 shows the dispersion relation for the Charney problem, which in the Boussinesq limit only depends on the dimensionless parameter H/h. (This figure was constructed from a series of runs in which the dimensional wavelength was kept constant and only the interior PV gradient was changed). Note that the most unstable mode has a steering level at a height of just 0.1H.
In the following we will examine if this scaling analysis holds, both for waves with H Ͻ h and for waves with H ϭ O(h). Note that when H ϭ O(h) the PV flux still peaks at the steering level but has a broader structure. Hence, the scaling analysis suggests that linear neutrality would require in this case a deeper region with zero PV gradient. Nevertheless, it is plausible that these waves might still equilibrate without eliminating the lower-boundary temperature gradient. For typical midlatitude values, such as an interior PV gradient ␤ ϭ 1.65 ϫ 10 Ϫ11 m Ϫ1 s Ϫ1 , a jet with linear shear and maximum wind speed U ϭ 50 m s Ϫ1 at a height of 10 km, and an inertial ratio ⑀ ϭ 10 Ϫ4 , Eq. (7) gives a Held scale h ϭ 30 km. Note that the Eady shortwave cutoff has H/h ϭ 0.38 for this choice of parameters and therefore a wave short enough to equilibrate according to Lindzen's (1993) mechanism would also be a short Charney wave.
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c. How well is the interior PV homogenized?
We showed in the previous section that the two-layer shortwave cutoff is H ϭ h. Hence, as mentioned in the introduction, the fact that observed shears are close to the two-level critical shear (Stone 1978) suggests that H ϳ h for tropospheric modes. This in turn implies that the interior PV gradient is as poorly mixed as the boundary temperature gradient and an equilibration model of interior PV homogenization (Lindzen 1993) is not an appropriate paradigm.
It is easy to get a more precise result for a nonBoussinesq atmosphere with height-dependent shear and stratification. In that case, from Bretherton's (1966) theorem, it is the mass-averaged PV gradient that is relevant. Following Stone and Nemet (1996) , we will ignore the curvature of the jet and rewrite the interior PV gradient as
S dz where h(z) ϭ ⌳(z)⑀(z)/␤, H S is the scale height, and we define ␥ ϭ 1 Ϫ e ϪH/H S . The ratio between the interior and boundary PV gradients is then given by
where ⌬h ϭ h(H) Ϫ h(0). In terms of the isentropic slope in scaled coordinates (S ϭ h/H S ):
We can estimate these values from Fig. 3 , taken from Stone and Nemet (1996) . We will choose H to be the distance from the top of the boundary layer (defined for
Comparison of the vertical structure of observed h at different latitudes with the adjusted profile resulting from full PV homogenization, both at the boundary and in the interior. Taken from Stone and Nemet (1996). our purposes by the minimum h) to the height at which h is maximized. If y were zero in the interior, as in the q study of Sun and Lindzen (1994) , h would describe a line roughly parallel to the adjustment curve, but with h(0) Ͼ 0. This is approximately observed up to the h maximum; thereafter y increases significantly. We can q interpret this as a boundary to the vertical penetration of the waves since above that height the EP fluxes tend to be dominated by their horizontal component, as discussed by Edmon et al. (1980) . The value of H thus obtained should be regarded as an empirical measure of the penetration of the eddy fluxes, including mixing barrier effects at the jet, rather than as a proper Rossby depth (see section 4). This gives
yielding a ratio of interior to boundary PV gradient of 0.82. This number should not be taken too seriously because our estimates of H, h are, to an important extent, ambiguous. Nevertheless, this suggests that the positive interior PV gradient above the boundary layer is comparable with the negative PV gradient at the ground. 
Neutral states
In this section we prove that short Charney waves become neutral when the PV gradient of the basic state vanishes in a neighborhood of the steering level, as suggested by the scaling argument of the previous section. This is shown analytically for a simple idealized distribution of the interior PV gradient and numerically for more general cases.
a. Analytical model
The Charney and Green models are known to be unstable for all wavenumbers and shears. This is consistent with the discussion of Bretherton (1966) because in both cases there is a nonzero PV gradient at the steering level. We will consider here a variation of these problems in which the interior PV gradient is not constant but has a vertical structure with a single zero at the steering level. We will show that in the presence of small interior PV gradients elsewhere this is sufficient to stabilize the waves.
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Specifically, we assume that the basic-state interior PV gradient has the form
where c is the phase speed of the waves (the eigenvalue of the problem). This idealized distribution can be regarded as the first term in a Taylor expansion satisfying the basic requirements that the PV gradient is positive definite and vanishes only at the steering level. Note that this definition is meaningful only when c is real. However, this is not a limitation because the purpose of this section is to prove the existence of neutral solutions.
We will nondimensionalize Eq. (3) as follows: z ϭ Dz, k ϭ (⑀) 1/2 k/D, and c ϭ (⌳D)c, with the tilde variables being dimensionless. D is a vertical fluid depth, as of yet unspecified.
We will further define the dimensionless parameter:
3 Note that this ad hoc PV gradient is inconsistent with the basic state ⌳, N 2 , assumed constant. However, Lindzen (1993) showed that tiny variations in U and N 2 can produce changes in the PV gradient of order ␤. In that sense our analysis should be regarded as the leading-order term of a perturbation expansion about some slowly varying functions U(z), N 2 (z) in balance with y (z). q
⑀ h which gives a measure of how important is the integrated PV gradient over the depth D O(␣⌳ 2 D 3 ) compared to the delta function at the lower boundary (viz. 7).
After nondimensionalizing and applying the change of variable ϭ R 1/3 (z t Ϫ z), where z t ϭ c ϩ k 2 /R is the turning point of the vertical structure equation, this equation becomes
whose solution can be formally written in terms of the Airy functions of the first and second kind A i and B i (Abramowitz and Stegun 1965) :
For real both A i and B i are real, which implies that the modes are vertically trapped. Figure 4 shows these two modes for R ϭ 3, choosing D ϭ H ϭ (⑀)
1/2 /k as the height scale (this is equivalent to fixing k ϭ ). As can be seen, one of the modes is trapped at the lower boundary, while the other peaks at a height of order ϭ Ϫ1, z ϭ z t ϩ R Ϫ1/3 , and decays very slowly aloft. Note that both eigenfunctions go to zero as z → ϱ, → Ϫϱ. Hence, they are independently admissible solutions to the modified Charney problem and each of them (as well as any of their combinations) gives a branch of the dispersion relation c(k). In particular, for any choice of C 1 , C 2 a solution c(k; C 1 , C 2 ) can be found imposing a rigid lid boundary condition at z ϭ 0. Equivalently, we can always find a pair C 1 , C 2 matching any value of c. It is possible to show that the eigenvalue c is real and the solution neutral as long as the vertical structure consists of just one eigenfunction A i or B i . However, this is not necessarily the case when a combination of both modes is used, as their interaction can lead to mutual reinforcement much in the manner of the Eady problem.
In the case of the modified Green model the situation is a bit more complicated because of the presence of an upper rigid lid at some vertical height D, which supports a second edge wave at that level. As a result, deep modes are expected to be unstable regardless of the interior PV gradient because the two edge waves can still interact in the manner of the Eady problem. For this reason, we will concentrate on modes shorter than the Eady shortwave cutoff, for which the lower boundary edge wave can only interact with the interior PV perturbation.
The eigenvalue problem is formulated imposing rigid lid boundary conditions at z ϭ 0, D:
Real phase speed for the neutral solutions of the analytical model discussed in the text: R ϭ 0.5 (solid), R ϭ 1 (solid), R ϭ 5 (dashed), and R ϭ 10 (dot-dashed). The lines are interrupted where the phase speed becomes imaginary or convergence was not reached in 100 iterations.
After some algebra, this leads to the dispersion relation
where A, B, and C are given by
Note that although Eq. (18) looks like a quadratic equation there is some additional dependence on the eigenvalue through the coefficients. As a result, the dispersion relation must be solved iteratively starting with some initial guess c 0 . For small R this dependence is weak and the iterative procedure converges rapidly. Figure 5 shows the real phase speed of the neutral solutions to (18) for different values of R. The curves are interrupted where no convergence was found or when the converged value was imaginary. Note that this typically occurred for those wavenumbers for which the Eady problem itself was unstable, though the shortwave cutoff did show some sensitivity to the magnitude of the interior PV gradient. Note that for small R the solutions agree very well with the Eady dispersion relation, yielding a shortwave cutoff k ഠ 2.4. Finally, as in the Eady problem, the dispersion relation consists of two branches and there is an upper-level edge wave, as suggested by Rivest et al. (1992) . All this suggests that the zero PV gradient at the steering level removes the singularity of the Green problem and yields a solution closer to Eady's when the interior PV gradient is sufficiently small.
In conclusion, at least for this idealized distribution of y , neutral solutions can be found in the presence of q positive interior PV gradients as long as Bretherton's (1966) condition is violated and the PV gradient at the steering level is zero.
b. Numerical results
For moderate values of the parameter R, a vertical structure as in (13) gives very small values of the PV gradient across a broad neighborhood of the steering level, even though y only vanishes exactly at that point. q Hence, it would be desirable to examine if neutral solutions can still exist when the region with small PV VOLUME 58 gradients is narrower. Furthermore, the existence of neutral solutions, as proved above, does not rule out additional unstable solutions since Eq. (18) is transcendental.
We have looked at these issues using a linear, timedependent, 1D model, in which the most unstable solutions, when they exist, are found integrating forward in time. For simplicity, a rigid lid is used as the model top boundary condition, though we restrict the analysis to waves shorter than the Eady shortwave cutoff. The methodology is the following. We first run the model with constant interior y and let the most unstable mode q emerge. Then, we solve a new linear problem with modified interior PV gradient; the PV gradient is typically brought to zero across a finite neighborhood of the steering level and left unmodified elsewhere. The depth of the region with zero PV gradients is changed until neutrality is achieved. Figure 6 shows a mode right at the Eady shortwave cutoff, which is made unstable by the addition of interior ␤. Nevertheless, note that because of the smallness of the interior ␤ the inversion is still dominated by the boundary perturbations as in the Eady problem (including the upper boundary edge wave). This mode has H/h ϭ 0.38 and is therefore also short in a Charney sense. As shown in Fig. 2 this implies a small growth rate and consequently a PV flux peaking strongly at the steering level (Lindzen et al. 1980) . When the PV gradient is brought to zero in the shaded region the wave becomes neutral. The structure of the mode and steering level change very little in the modified state. Hence, it seems a reasonable assumption that such a mode could stabilize quasi-linearly by mixing the basic-state PV at the steering level, rather than by eliminating the shear at the ground or homogenizing the full interior PV. However, this is no longer the case when the value of H/h is not so small. This is illustrated in Fig. 7 for a mode with H/h ϭ 1.6. The left panel, corresponding to the run with uniform y , shows that the PV flux has q much broader structure than in the previous case and extends to the ground. When the PV gradient is smoothed out across a region of order 0.25H surrounding the steering level the mode is still unstable, and has the structure shown in the right panel. This is partly due to the fact that the steering level rises significantly when the positive interior PV gradient is reduced, which qualitatively has the effect of weakening westward propagation relative to the case with full PV gradient. Indeed, note that when the basic-state PV gradient is brought to zero across the narrower region shown shaded in the left panel, centered on the new steering level rather than the original one, the mode becomes neutral.
The differentiation between these modes raises one of the main points of this paper, namely that in a continuous atmosphere with fine vertical structure different waves may play different roles in the equilibration. instance, short waves might equilibrate by smoothing out the PV gradient at the steering level while longer waves could also concentrate the barotropic shear of the jet. This scenario of a quasilinear equilibration in which the different modes modify in different ways the mean state raises the interesting question of how sensitive each mode is to the modifications of the basic state induced by the others. Figure 8 shows the dependence of the dispersive properties of waves of different scales on the degree of homogenization. The upper panel shows the growth rate as a function of the thickness of the window around the (modified) steering level where the PV gradient has been brought to zero. The different curves correspond to different values of H/h in the initial profile with uniform y . As can be seen, even for the Charney problem most q unstable mode it suffices to eliminate the PV gradients over a region of thickness 0.25H. The lower panel shows the phase speed, which in all cases increases as the positive interior PV gradient is reduced. The fact that the steering level is so sensitive to the reduction of the basic-state interior PV gradient suggests that the equilibration process would require a fair amount of interior mixing as the steering level rises.
However, the situation is more complicated because in reality the lower boundary temperature gradient, which was kept fixed in these linear simulations, should also be mixed, which would weaken eastward propagation relative to the unhomogenized case. In fact, when H Ͻ h the modes are essentially edge waves in the sense that the PV inversion is dominated by the boundary perturbation. Hence, the dispersive properties of the modes should be more sensitive to the boundary temperature gradient than to the interior PV gradient. This can be seen in the shortwave asymptotic expansion of Branscome (1983) for the Charney model, which can be rewritten in our notation:
The first term, which shows a 1/k dependence, is simply the phase speed of the edge wave associated to the shear ⌳. The second term, proportional to ␤/k 2 , always gives westward propagation and can thus be interpreted as a correction to the phase speed when there is a nonzero interior PV gradient. It arises from this expression that for H/h ϭ O(1) the first term is 5 times larger, which implies that for short Charney waves the phase speed is primarily a function of the surface temperature gradient.
Quasi-linear equilibration
The linear stability analysis of the previous section suggests that short waves may be able to equilibrate quasi-linearly eliminating the PV gradient at the steering level, whereas for longer waves a broader homogenized region would be necessary. We have tested these ideas in a nonlinear 3D model with 50 vertical levels. As a difference with the study of Gutowski et al. (1989) , we use a quasigeostrophic model aiming to concentrate on the PV structure of the equilibrated state. In order to study the quasilinear equilibration of a wave of chosen scale, the channel length is truncated to comprise a single wavelength (4000 km). The meridional structure is also confined by a radiative equilibrium Gaussian jet of the same scale. This yields k x ϭ 2/4000, k y ഠ /4000, k ഠ ( /4000), and a half Rossby depth H ഠ 17.9 ͙5 km. This scale is kept fixed in all the runs to be shown but the ratio H/h is still changed due to the varying interior PV gradient.
A rigid lid is used as the top boundary condition, but at enough distance (30 km) to prevent the interaction between both edge waves. The radiative equilibrium jet is chosen to have constant vertical shear, yielding a velocity of 33 m s Ϫ1 at a height of 10 km (or 100 m s
Ϫ1
at the top). The fluid is Boussinesq and the inertial ratio is constant ⑀ ϭ 10 Ϫ4 . The horizontal resolution is 160 km ϫ 160 km and the 50 equally spaced levels yield a vertical resolution of 600 m. Many of the grid points are outside the domain of interest as the dimensions are made large to prevent interactions with the walls, both meridionally and at the top. This ensures that the boundaries to the mixing domain are internally set up by the eddies. The flow is relaxed to its radiative equilibrium configuration with a timescale of 15 days and hyperdiffusion is used to get rid of the small-scale eddies. In some cases Rayleigh damping is also included at the lowest resolved level.
Note that because the channel length is truncated so that wavenumber 1 is the most unstable one, the dynamics of the equilibration is quasilinear, in the sense that it is this wave that primarily modifies the basic state. This allows us to study how a given mode equilibrates in isolation. A similar idea was used by Cehelsky and Tung (1991) in the two-layer model. Figure 9 shows the equilibrated PV gradients in a run with ␤ ϭ 1.0 ϫ 10 Ϫ11 m Ϫ1 s Ϫ1 , which gives a ratio of H/h ϭ 0.54 (not including the curvature contributions to the PV gradient). The ''equilibrated'' states in this and subsequent figures were calculated by time averaging between days 500 and 800 of the simulation. By that time, the wave has completed most of the modifications of the basic state. Despite the small value of H/ h, the interior PV homogenization seems to proceed efficiently everywhere below the steering level instead of just at that height, though not at the ground, where the temperature gradient fails to be homogenized. The extent of the homogenized region is somewhat surprising in view of the linear analysis of the previous section, which suggested that localized PV mixing could be enough for equilibration. Similar results were found for shorter waves (i.e., with smaller ␤), although in those cases the neglected curvature PV gradient is actually larger than ␤.
In fact, the snapshot in Fig. 10 , taken as the wave starts to modify the basic state at time t ϭ 135, shows that the interior PV gradient is initially homogenized only at the steering level. Figure 11 shows that, as speculated in the previous section, the steering level drops rather than rises during the equilibration process as the temperature gradient at the ground is mixed. Although the phase speed increases slightly (see lower panel), this increase is much smaller than the increase in the basicstate zonal wind, which results in the observed drop of the steering level. It is remarkable that the weakening in the eastward propagation as the boundary temperature is mixed is compensated by the westerly advection by the enhanced winds, yielding relatively small and positive changes in the phase speed. At all times there is a good correlation between the position of the steering level and the homogenized region. Figure 12 shows the equilibrated state for the same parameters when Rayleigh damping with a timescale of 5 days is included. As can be seen, in this case the homogenization of the basic state is more localized, although PV is still fairly well mixed below the steering level. The equilibrium state is very similar to the snapshot shown in Fig. 10 and the surface wind does not rise beyond 5 m s Ϫ1 . It is interesting to note that the phase speed remains again nearly constant during the equilibration, as both the temperature mixing and buildup of the zonal wind are weaker than in the previous case (see Fig. 13 ). The main difference with the inviscid case is that, because now the basic-state winds also change little, the steering level drops much less, consistent with the observed localization of the homogenized region.
The relation between PV homogenization and steering level was found to be very robust for all cases examined. For instance, Figs. 14 and 15 correspond to the inviscid case with ␤ ϭ 1.3 ϫ 10 Ϫ11 m Ϫ1 s Ϫ1 (H/h ϭ 0.7). As in the previous case, the increase in the phase speed is much smaller than the Doppler shift implied by the enhancement of the zonal wind, due to the fact that eastward propagation weakens with the surface temperature mixing. Consequently, the steering level drops again. However, because now the steering level drops to the ground, the PV gradient is nearly homogenized not only in the interior but also at the surface. When H/h is further increased to 0.86, a similar process is initially observed. However, in this case the interior PV gradient is restored at later times, once the surface temperature gradient is wiped out. There is no interior steering level in this case, and hence no need for interior homogenization, because the single eastward propagating term disappears with the surface temperature gradient. Nevertheless, the presence of weak surface friction suffices to contain the steering level in both cases, thus producing partial PV homogenization and a nonzero surface temperature gradient at equilibration (not shown). This is the case even for longer waves, as demonstrated in Fig. 16 for ␤ ϭ 3.0 ϫ 10 Ϫ11 m Ϫ1 s Ϫ1 (H/h ϭ 1.61) and damping timescale ϭ 1 day.
We have also examined the equilibration of the most unstable mode of the Charney problem (not shown). Even then, the equilibrated state was found to be consistent with partial PV homogenization in the presence of strong enough friction. However, an additional complication in this case was the fact that the second harmonic of this mode was also significantly unstable, and also equilibrated at finite amplitude. We found that the primary harmonic, which reached finite amplitude first, was responsible for the initial modification of the mean state, particularly for the barotropic acceleration of the zonal flow and interior PV homogenization characteristic of previous cases. Also as before, the phase speed of the mode again remained relatively stable at this stage, and its steering level dropped and disappeared because of the enhanced surface wind. However, an interesting new feature was the strong increase observed in the phase speed of the second harmonic following the enhancement of the surface flow, instead of remaining constant like the phase speed of the first harmonic. As a result, only this second harmonic kept an interior steering level in the equilibrated state. We shall postpone a more detailed description of this example Fig. 9 but for a snapshot at time t ϭ 135, when the wave is just starting to modify the basic state.
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and a more general analysis of cases with many waves until a subsequent study.
In all cases examined, the homogenization of potential vorticity in the interior is accompanied by the buildup of large PV gradients at the edges of the mixing domain. In the vertical, there is a concentration of the PV gradient at heights of order 0.5H ϭ 9 km, roughly consistent with observed tropopause heights. This is not altogether surprising because the static stability is also close to the observed one; our results just prove the relevance of the ''dynamical constraint'' for the tropopause height proposed by Held (1982) . It is also in- teresting to note that these large PV gradients are a result of hardly observable changes in the vertical curvature of the wind (indeed, the static stability is fixed in our model). This highlights the relevance of the underlying PV dynamics.
In the horizontal, there is also a concentration of the PV gradients at the margins of the jet. Such concentration seems unrealistic for the real atmosphere but our model does not incorporate any tropical dynamics. Moreover, in the atmosphere the adiabatic mixing of potential vorticity is not horizontal but along isentropic surfaces, and the mean isentropic slope is such that all the extratropical isentropes intersect either the ground or the tropopause. Thus, in isentropic coordinates the moving earth surface represents an additional barrier to PV mixing. This, together with the steepening of the isentropes by vertical mixing at the atmospheric boundary layer, might explain the large PV gradients observed in the lower troposphere, which our model fails to reproduce.
Discussion
We have discussed in this paper the observed vertical distribution of the extratropical PV gradients with the help of a very idealized model. It is often argued in the literature (e.g., Swanson and Pierrehumbert 1997; Stone and Nemet 1996) that baroclinic adjustment is more efficient in homogenizing the interior PV gradients than in eliminating the lower-level shear, a fact that is commonly attributed to dissipative effects over the boundary layer. However, we have shown that the interior PV gradients are in some sense comparable to the boundary PV gradients.
The failure of the eddies to homogenize the interior PV gradient comes as no surprise when one realizes that the positive (negative) PV gradients are related via the appropriate diffusivities to the equatorward (poleward) eddy PV fluxes, and hence to the poleward (equatorward) mass fluxes (Held and Schneider 1999) , which should balance in steady state. As Held and Schneider (1999) have shown using isentropic coordinates, the areas of poleward and equatorward mass flux are comparable and the apparent largeness of the negative PV gradients/equatorward eddy fluxes should be regarded as an artifact of quasigeostrophy, which concentrates the return flux on the lower boundary.
Thus, the fact that the interior PV homogenization is incomplete should not be regarded per se as an additional argument against baroclinic adjustment but as a manifestation of this balance. In a steady state, the ratio between the PV gradients should just equal the inverse ratio between the respective average diffusivities (Held 1999) , which in the observed atmosphere appears to be of order 1. Hence, to the extent that dissipative effects prevent the eddies from eliminating the surface temperature gradients they prevent as well the homogenization of the interior PV gradient. Similarly, assuming the observed PV diffusivities to be robust, if some other mechanism prevented interior PV homogenization we would expect this mechanism to also set up a limit to the reduction of the surface temperature gradient.
The integrated interior PV gradient in the troposphere consists of 3 contributions: the beta effect, O(␥), the non-Boussinesq correction, O[␥S(H)], and the rate of change of the isentropic slope, O(⌬S) (the only negative term). All these terms are comparable and so is the integrated negative PV gradient, O(S 0 ). As a result, the net interior PV gradient is similar to what one would get from just the beta effect and H ϳ h. This result is in fact apparent in the study of Sun and Lindzen (1994) (cf. their Figs. 3 and 14) , although it was not emphasized by the authors. In that paper the mean isentropic slope is better captured when using a potential vorticity gradient of ␤ along the isentropes than when full homogenization is assumed.
Given that there is a limit to how well PV can be mixed, a natural question that then arises is what determines the vertical structure of the interior PV gradients. We hypothesized in this paper that the observed homogenization of PV around 700 hPa could be a result of the fact that the mixing of potential vorticity is most efficient close to the critical level. Furthermore, although baroclinic neutrality is not a necessary condition for adjustment in the presence of friction, we have shown that neutrality can actually be achieved without full homogenization in the inviscid problem for waves with H K h. The reason is that the linear diffusivity (basically the Lagrangian displacement ) away from the steering level is bounded. Hence, when the interior PV gradient is much smaller than the boundary contribution unstable normal modes can only be sustained in the presence of a nonzero PV gradient at that level, which drives a very large flux there. The homogenization of a narrow region around the steering level is thus sufficient for neutrality in those cases.
We have argued that for waves with H ϳ h there should still exist a well-mixed region surrounding the steering level, whose dimension would depend on the ratio between the interior and boundary PV gradients. While linear runs suggest that basic states with partial homogenization could be neutral, mechanistically, an important objection against equilibration by localized mixing is the sensitivity of the steering level to the degree of homogenization. For waves of the scales considered the phase speed is more sensitive to the surface temperature gradient than to the interior PV gradient. Hence, in the absence of other effects the phase speed would decrease as the gradients are mixed. In fact, it is observed in the full 3D problem that the westerly acceleration of the zonal wind by the wave induced fluxes tends to compensate the weakening of eastward propagation, in such a way that the phase speed remains nearly constant or increases slightly, depending on the magnitude of the interior PV gradients. In any event, because the increase in the phase speed is still much smaller than the acceleration of the zonal wind, the steering level always drops. This tends to produce a well-homogenized region below the steering level, which only extends to the ground when H/h is large enough. An important factor controlling the drop of the steering level and the thickness of the homogenized region is the strength of surface friction, which basically constrains the acceleration of the zonal wind. Localized PV mixing is also observed in our model for waves with H/h ϭ O(1) in the presence of strong enough friction. The analysis herein has been quasilinear because we have only studied how modes of different, chosen scales would modify the basic state in isolation. A similar idea was used in the two-layer study of Cehelsky and Tung (1991) . These authors also found that the longer waves became the main heat carriers in the full nonlinear case as the more unstable modes saturated (see also Welch and Tung 1998). We have not performed a full nonlinear analysis, though it is possible that something similar might occur in our model in the presence of many modes, provided that they are all able to equilibrate by localized interior PV mixing. In particular, the quasilinear results presented here suggest that the shorter waves need to transport less heat to equilibrate, due to VOLUME 58 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S FIG. 13. As in Fig. 11 but for the run with ␤ ϭ 1.0 ϫ 10 Ϫ11 m Ϫ1 s Ϫ1 (H/h ϭ 0.54) and damping timescale 5 days. their shallower PV flux. As a result, the longer waves might be able to grow to larger amplitudes in the nonlinear regime. However, other considerations might also be important, as illustrated by the example with two unstable harmonics discussed in the previous section. The main difficulty is, of course, the fact that the vertical penetration of the waves is a product of the equilibration itself. Not only did we consider waves of vertical scales shorter than the most unstable mode, but we also constrained strongly those scales through the forced radiative equilibrium jet and fixed static stability. In reality, the vertical scale H should also be sensitive to the wave-mean flow interactions of the full spectrum of modes. It is plausible that the long waves might be able to equilibrate by concentrating the jet and/or raising the tropopause (i.e., by reducing H), at the same time than they partially homogenize the interior PV; indeed, simple offhand calculations suggest that the Eady shortwave cutoff might also be short in a Charney sense. This argument reconciles the geometric equilibration scenario of Lindzen (1993) with the observed partial homogenization of the PV gradients. While the equilibration process tends to produce features characteristic of the extratropical troposphere, such VOLUME 58 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S FIG. 15. As in Fig. 11 but for the run with ␤ ϭ 1.3 ϫ 10 Ϫ11 m Ϫ1 s Ϫ1 (H/h ϭ 0.7) and no damping.
as the concentration of the potential vorticity gradients at the edges of the mixing domain, it fails to reproduce the observed large PV gradients at the top of the atmospheric boundary layer. In view of the ongoing discussion, this may be very important for the dynamics. We suggest that this is due to the many deficiencies of the model, particularly the quasigeostrophic framework and the absence of boundary layer dynamics. Models with similar degree of idealization but incorporating these processes (Solomon and Stone 2001) seem to be more successful in reproducing the observed extratropical potential vorticity structure. Another important inadequacy is the small wave amplitude at upper levels that the model produces compared to observations. This is probably due to the lack of a model tropopause, which would support large wave amplitudes at those levels. Although the equilibration of the Charney waves in our model produces concentration of the PV gradients at upper levels, it is likely that in the atmosphere the tropopause is also forced by other means. In that case, the question remains of how Eady waves would equilibrate. As our work is only concerned with the equilibration of Charney waves we do not claim to have given a full answer to the equilibration problem.
A question arising from this study is what determines VOLUME 58 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S the value of H/h or, equivalently, the isentropic structure of the extratropical troposphere. It would be interesting to see how this ratio changes as the waves equilibrate in a more realistic setting and how this constrains the isentropic structure. In particular, the ratio H/h ϭ 1 might represent some equilibration limit. However, a more complex model is required to serve this purpose, as the vertical fluxes and diabatic effects are likely to play a role in the equilibration process.
